The quantum mechanics of two Coulomb charges on a plane (e 1 , m 1 ) and (e 2 , m 2 ) subject to a constant magnetic field B perpendicular to the plane is considered. Four integrals of motion are explicitly indicated. It is shown that for two physically-important particular cases, namely that of two particles of equal Larmor frequencies, e c ∝ e 1 m 1 − e 2 m 2 = 0 (e.g. two electrons) and one of a neutral system (e.g. the electron -positron pair, Hydrogen atom) at rest (the center-ofmass momentum is zero) some outstanding properties occur. They are the most visible in double polar coordinates in CMS (R, φ) and relative (ρ, ϕ) coordinate systems: (i) eigenfunctions are factorizable, all factors except one with the explicit ρ-dependence are found analytically, they have definite relative angular momentum, (ii) dynamics in ρ-direction is the same for both systems, it corresponds to a funnel-type potential and it has hidden sl(2) algebra; at some discrete values of dimensionless magnetic fields b ≤ 1, (iii) particular integral(s) occur, (iv) the hidden sl(2) algebra emerges in finite-dimensional representation, thus, the system becomes quasi-exactly-solvable and 
A behavior of a charged particle in a constant magnetic field (the Landau problem) is well studied. It is integrable and exactly-solvable problem, both classical and quantum, it plays a fundamental role in physics (see e.g. [1] ). The problem of two charges in a magnetic field is much less studied, while the most of efforts were dedicated to explore the case when one charge is infinitely massive (one-center problem). The goal of the present paper is to consider the integrability properties (global and particular integrals, for notations, see [2] ), the existence of algebraic structures, the presence of the hidden algebra in quantum problem of two arbitrary Coulomb charges on a plane subject to a constant uniform magnetic field.
This work is a natural continuation of [3] where the classical problem of two arbitrary Coulomb charges on a plane subject to a constant uniform magnetic field was considered.
In that paper there were classified the pairs of Coulomb charges for which the special, superintegrable, closed trajectories as well as particular integrals exist. For these trajectories the distance ρ between particles remains unchanged during the evolution. Hence, I = ρp ρ is the constant of motion, where p ρ is a component of momentum along the relative distance ρ direction.
Let us consider a system of two non-relativistic spinless charged particles (e 1 , m 1 ), (e 2 , m 2 ) on a plane in a constant and uniform magnetic field B = Bẑ perpendicular to the plane. The Hamiltonian iŝ
assuming ℏ = c = 1, where ρ 1,2 andp 1,2 = −i ∇ 1,2 are the coordinate and momentum of the first (second) particle and the symmetric gauge A 1,2 = 1 2 B × ρ 1,2 is chosen for vector potentials. It can be checked by direct calculation that the total Pseudomomentum
is an integral, [K,Ĥ ] = 0 as well as the total angular momentum
[L T ,Ĥ ] = 0.
We introduce c.m.s variables and M = m 1 +m 2 is the total mass of the system,P = −i ∇ R ,p = −i ∇ ρ are CM and relative momentum, respectively. In these coordinates the total Pseudomomentum
and the total angular momentum
(cf. (2) and (3)), whereL,l are CM angular momentum and relative angular momentum, respectively,
is the total charge of the system and
is the reduced mass of the system.
The operatorsK,L T obey the commutation relations
hence, they span a noncommutative algebra. The Casimir operatorĈ of this algebra is nothing butĈ
It is convenient to introduce a unitary transformation
Then canonical momenta transformed as,
The unitary transformed Pseudomomentum (5) becomeŝ
It looks like as the Pseudomomentum of the whole, composite system of the charge q. The unitary transformed Hamiltonian (1) takes the form
where q w ≡ e 1 µ Studying (11) we found nothing interesting except for two special situations we will focus on, namely:
(i) e c = 0, where separation of c.m.s. variables occurs in the Hamiltonian (11),
(ii) q = 0, for which components of the PseudomomentumK become commutative (see (7)).
This case appears for charges of the same sign and equal cyclotron frequency,
The Hamiltonian (11) becomeŝ
where CM variables are separated (see [4] for the case of identical particles) and e ≡ e 1 > 0 . HereĤ R (P, R) andĤ ρ (p, ρ) describe CM and relative motion of two-body composite system, respectively, like it appears for field-free case. It can be easily shown that four
(see (6) ) are mutually commuting operators spanning a commutative algebra. Hence, at e c = 0 the system is completely integrable. Any state is characterized by four quantum numbers. Due to the relationK
the only one component of the Pseudomomentum is algebraically independent. Therefore, in addition to (13) there exists one more algebraically independent integral, say K x . Thus, in reality, the two-body Coulomb system at e c = 0 in a magnetic field is globally superintegrable.
These five integrals (13), (14) are global, they remain integrals for any state of the system.
Due to decoupling of CM and relative motion in (12) the eigenfunctions are factorized
The function χ(R) satisfies the Schrödinger equation
where
andL z = (R ×P) z is CM angular momentum. This equation describes the particle of the charge q and mass M in a magnetic field B. In polar coordinates R = (R, φ) the eigenfunctions and eigenvalues have a form
where L Eventually, the spectra of the Pseudomomentum reads,
All states at fixed N and different S ≤ 0 are degenerate with respect to K 2 .
From (12) and (15) the Schroedinger equation for the relative motion can be derived
wherel z = (ρ ×p) z is the relative angular momentum. Equation (18) does not admit separation of variables. However, because of vanishing the commutator [Ĥ ρ ,l z ] = 0 an eigenfunction ψ in polar coordinates ρ = (ρ, ϕ) has a factorized form
where s = 0, ±1, ±2, ... is the magnetic quantum number corresponding to the relative motion and Φ(ϕ) is the eigenfunction ofl z . It can be shown that the solution for ζ(ρ) has the form
where p s obeys the following equation
where we introduce ǫ ≡ 2 m r e 1 e 2 = 2 m 2 m r e 2 m 1 ,
. It is worth noting that similar equation for the case of two electrons was found in [5, 6] . This equation can be considered as a spectral problem where ǫ plays a role of the spectral parameter while the energy E ρ is fixed. The parameter ǫ defines a strength of the Coulomb interaction. By changing variable ρ → √ ω c m r ρ, Eq. (21) is reduced to
This is the basic equation we are going to study.
The operator T in l.h.s. of (22) The operator T in (22) has hidden sl 2 -Lie-algebraic structure [7] and the equation can be written as
in terms of the sl 2 algebra generatorsĴ's with
which defines the spin of representation, see (58). For fixed n the energy of the relative motion is
Thus, there exists infinite degeneracy of E ρ : all states at fixed n and different relative magnetic quantum numbers s ≥ 0 are degenerate. Eventually, solutions for p depends on
A hidden algebraic structure occurs (the underlying idea behind quasi-exactly solvability) at nonnegative integer n: the hidden sl 2 algebra appears in finite-dimensional representation and the problem (23) 
which we introduce for convenience, here B 0 has a meaning of the characteristic magnetic field. Hence, for a given system with fixed masses and charges at e c = 0, there exists an infinite, discrete set of values of the magnetic field B for which the exact, analytic solutions of the Schrödinger equation occur. The parameter ǫ takes [
] positive values and [ We should skip such a solution as unphysical when we study the spectra (see below). The interesting fact should be emphasized: for given n the [
] physically admitted functions p n have a number of nodes at ρ > 0 varying from zero up to [
Below we present analytical results for λ n (ǫ = √ ω c m r λ n ) and the corresponding eigenfunctions p n up to n = 8.
• n = 0
It corresponds to either vanishing Coulomb interaction or infinite magnetic field B, thus, ǫ = 0. In the case of two electrons, for N = n = 0 the total wavefunction Ψ (15) coincides exactly with the wavefunction proposed by R. Laughlin for the quantum Hall effect [8] .
• n = 1
This solution corresponds to the ground state: p 1 has no node at ρ ≥ 0. It appears at magnetic field
if measured in the characteristic magnetic field B 0 , see (25). It takes the maximal value b 1,max = 1 at s = 0. It seems b = 1 is the maximal magnetic field for the analytic solution exists.
• n = 2
Since p 2 has no nodes at ρ ≥ 0, it corresponds to ground state, ǫ 2 > 0. It appears at magnetic field
It takes the maximal value b 2,max = 1 6 at s = 0.
• n = 3
There exist two different polynomial solutions p 3,j , j = 1, 2, in a form of the polynomial of the 3rd degree with ǫ 3 > 0 with no and one (positive) node, respectively. They correspond to λ 3,j = 10 + 10 |s| − (−1)
These eigenfunctions appear at magnetic fields
10 + 10 |s| − (−1)
respectively. For the case of the ground state, j = 1, it takes the maximal value
at s = 0.
• n = 4
There exist two different polynomial solutions p 4,j , j = 1, 2, in a form of the polynomial of the 4th degree with ǫ 4 > 0 with no and one (positive) node, respectively. They correspond to λ 4,j = 25 + 20 |s| + (−1)
• n = 5
In this case there exist three different polynomial solutions p 5,j , j = 1, 2, 3, in a form of the polynomial of the 5th degree with ǫ 5 > 0 with no, one and two (positive) nodes, j = 1, 3, 2 , respectively. They correspond to 
respectively.
• n = 6
There exist three different polynomial solutions p 6,j , j = 1, 2, 3, in a form of the polynomial of the 6th degree with ǫ 6 > 0 with no, one and two (positive) nodes, j = 1, 3, 2 , respectively.
They correspond to λ 6,j = 4 3 3211 + 392|s|(7 + 2|s|) cos θ + 2(j − 1) π 3 + 28 3 (7 + 4|s|) ,
[3211 + 392|s|(7 + 2|s|)] 
These eigenfunctions appear at magnetic fields ,j (41 + 22 |s|) + 28 λ 7,j |s| (793 + 217 |s|) + λ 7,j 18079 + F s ) 40320 (1 + |s|)(2 + |s|)(3 + |s|)(1 + 2 |s|)(3 + 2 |s|)(5 + 2 |s|)(7 + 2 |s|)
where F s = −189153 − 6 |s| (72439 + 46138 |s| + 8644 |s| 2 ) .
These eigenfunctions appear at magnetic fields These eigenfunctions appear at magnetic fields
respectively.

A. Particular integral
Let take the Euler-Cartan operator
and form the operator
This operator has a property of annihilator
where P n is the linear space of polynomials in ρ of degree not higher than n, (59). It is evident that for the operator T (n) at integer n (see (22), (23)) [T (n), i n (ρ)] : P n → 0 .
Hence, i n (ρ) is the particular integral with P n as the invariant subspace. The eigenfunctions p n,k , k = 1, . . . (n + 1) of (22), (23) 
is the covariant derivative, we arrive at
at b = b n , or equivalently at ω c = (ω c ) n . Hence, I n (ρ) is the particular integral with V n = ζ (0) P n as the invariant subspace.
In classical limit the particular integral I n (ρ) becomes the classical particular integral I n (i ρp ρ ) (see [3] ). The latter becomes the constant of motion on the special periodic trajectories. It manifests a connection between quasi-exact-solvability in quantum mechanics and special trajectories in classical mechanics [2] . Eventually, the planar Coulomb system with e c = 0 in a magnetic field B, both classical and quantum, is completely integrable and superintegrable with five global integrals at any B and one more particular integral for a certain values of B.
II. NEUTRAL CASE, q = 0
Let us consider a neutral system, e 1 = −e 2 ≡ e. The unitary-transformed Hamiltonian (11) becomesĤ
The variables in (43) are not separated. In order to proceed we consider a bispectral problem for the unitary transformed Hamiltonian and Pseudomomentum
and note that for a neutral system the unitary transformed Pseudomomentum (10) coincides with CM momentum,K ′ =P.
Studying the classical neutral system we found unusual special, superintegrable, closed trajectories for a vanishing Pseudomomentum, K = 0, see [3] . These trajectories were related with the appearance of the particular integral and were described analytically. Thus, it seems natural in quantum case to consider the zero modes of Pseudomomentum, K = 0:
does exist something unusual? SinceK ′ =P, the zero modes of Pseudomomentum correspond to standing composite particle, the system is at rest, there is no center-of-mass dynamics. Hence, we have to look for R-independent solutions of (44)
In this case ψ(ρ) satisfies the equation for the relative motion
(cf. (18)). It is easy to rewrite the equation (46) in polar coordinates ρ = (ρ, ϕ) and look for the eigenfunction ψ in a factorized form
It can be seen immediately, that
where s = 0, ±1, ±2, ..., is the eigenfunction of relative angular momentum,
For B = 0 the solution ζ(ρ) is assumed in the form [13]
the following equation for p occurs
being similar to one found in [6, 9] . The total energy E takes some special values, see below, where ǫ ≡ 2 m r e 1 e 2 = −2 m r e 2 , is introduced. The equation (49) is strikingly similar to (21) with the only difference that the definition of ǫ is opposite in sign in front of e 2 , see (21). Thus, the physical relevant values of ǫ should be negative. The equation (21) can be considered as a spectral problem where ǫ plays a role of the spectral parameter while the energy E is fixed. The parameter ǫ defines a strength of the Coulomb interaction. By changing variable ρ → 2 Ω q m r ρ, Eq.(49) can be reduced to
Eq. (50) can be written in terms of sl 2 generators (58),
(cf. (23)), where
plays a role of the spin of representation. Then the total energy is equal to
(cf. (24)).
A hidden algebraic structure occurs (the underlying idea behind quasi-exactly solvability) at nonnegative integer n: the sl 2 algebra appears in finite-dimensional representation and the problem (51) possesses (n + 1) eigenfunctions p n in the form of a polynomial of the nth power. It implies the quantization of ǫ as well as the dimensionless parameter
which we introduce for convenience, here B 0 is a characteristic magnetic field (cf. (25)).
It is clear that the cases e c = 0 and q = 0 are described by the same equation (23) or (51) It is evident that for the operator T q (n) at integer n (see (50), (51)),
Hence, i n (ρ) is the particular integral with P n as the invariant subspace. The eigenfunctions (50), (51)) are the zero modes of i n (ρ). Taking the gauge rotated i n (ρ) with the factor ζ (0) = e − mr Ωq ρ 2 2 ρ |s| (see (48)),
Hence, I n (ρ) is the particular integral with V n = ζ (0) P n as the invariant subspace.
In classical limit the particular integral i n (ρ) becomes the classical particular integral I n (i ρp ρ ). The latter becomes the constant of motion on the special periodic trajectories.
It manifests a connection between quasi-exact-solvability in quantum mechanics and special trajectories in classical mechanics [2] .
Let us emphasize the existence of what is called particular integrals (see e.g. [2] ), 
wherê
It is worth noting the zero modes of the Pseudomomentum, Ψ {0} , are characterized by zero modified angular momentumL z . It is true for a certain values of a magnetic field B.
There exist four global integralsĤ,K,L T z , but the system is not completely-integrable since [K,L T z ] = 0 (see (7)). However, over the (sub)space of zero modes of the Pseudomomentum Ψ {0} they commute, [K,L
T z ]Ψ {0} = 0. Therefore the system is completely-integrable over the (sub)space of zero modes! Besides that in the (sub)space of zero modes of the Pseudomomentum, Ψ {0} , there exist three particular integralsL z ,l z , I n (ρ) for a certain values of a magnetic field. Hence, the system is maximally super-integrable over the space of zero modes. It is in a complete agreement with the study of the classical case related to special trajectories for which the system possesses a particular, maximal superintegrability. Perhaps, it has to be emphasized that in the Born-Oppenheimer approximations of the zero order (say, m 2 → ∞, m r → m 1 ) at B = 0 all conclusions remain valid.
Conclusions
A general quantum system of two Coulomb charges on a plane subject to a constant, uniform magnetic field perpendicular to the plane is integrable with Pseudomomentum K x,y and total angular momentum L T z as global integrals. No more outstanding properties of a general system we were able to find. It is in contrast to a general classical two Coulomb charge system in a magnetic field which exhibits special superintegrable, periodic trajectories and the existence of the particular integrals which become constant of motion on these trajectories.
However, two particular, physically important quantum systems, e c = 0 and q = 0 at rest (the center-of-mass momentum is zero), reveal a number of outstanding properties. These properties become the most visible when the center-of-mass coordinates are introduced, and parameterized by double polar coordinates in CMS (R, φ) and relative (ρ, ϕ) coordinate systems, and in addition the Hamiltonian and all integrals are unitary transformed with factor (9).
For arbitrary magnetic field: (i) eigenfunctions are factorizable (up to the factor (9)), all factors except the ρ-dependable are found explicitly, they have definite relative angular momentum (relative magnetic quantum number), (ii) dynamics in ρ-direction is the same for both systems, it corresponds to the funnel-type potential (see (18) and (46)) and it is characterized by the hidden sl(2) algebra; while at some discrete values of magnetic fields, (iii) particular integral(s) occur, (iv) the hidden sl(2) algebra emerges in finite-dimensional representation, thus, the system becomes quasi-exactly-solvable (of the second type, see [7] , [6] ) and (v) a finite number of polynomial eigenfunctions in ρ appear, they marked by extra quantum number(s). Nine families of such analytic eigenfunctions are presented in explicit analytic form.
Quantum system at e c = 0 in a magnetic field is completely-integrable (there exist four mutually commuting global integrals) and super-integrable (there exists one extra global integral). At certain discrete values of a magnetic field we are able to find one extra particular integral (41). Quantum system at q = 0 in a magnetic field is not completely-integrable (there exist four mutually non-commuting global integrals, in general). However, it becomes completely-integrable over the (sub)space of zero modes of the Pseudomomentum Ψ {0} (see (56), (57)). At certain discrete values of a magnetic field we are able to find three extra particular integrals: unitary rotated CM and relative angular momentaL z ,l z , respectively, and I n (ρ), (41).
It is worth mentioning that a study of the quantum system at e c = 0 or at q = 0 at rest at arbitrary magnetic field is reduced to the study of the dynamics in the relative distance ρ direction. It is a sufficiently simple one-dimensional quantal problem with funnel-type potential. It is explored elsewhere [11] .
